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Course Name: Control Systems – I 

Course Code: EE503 

Contact: 3L:0T:0P 

Total Contact Hours: 36 

Credit: 3 

 

Prerequisite: Concept of Basic Electrical Engineering, Circuit Theory and Engineering Mathematics. 

 

Course Outcomes: After successful completion of the course, student will be able to 

CO1. Calculate mathematical model and transfer function of the physical systems. 

CO2. Analyze the linear systems in time domain. 

CO3. Illustrate the linear systems in frequency domain. 

CO4. Design simple compensators and controllers for the given specifications. 
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Course Content 

 

Module 1: Systems and their Representations            6L 

Basic elements in control systems ‐ open loop & closed loop ‐ Transfer functions of mechanical, electrical 

and analogous systems. Block diagram reduction ‐ signal flow graphs.  

 

Module 2: Time Domain Analysis                 6L 

Standard test signals, Time response of first and second order system, Time domain specifications, Steady 

state error, error constants, generalized error coefficient.  

 

Module 3: Stability Analysis and Root Locus                  

6L 

Stability ‐ concept and definition, Characteristic equation – Location of poles – Routh Hurwitz criterion ‐ 
Root locus techniques: construction, properties and applications.  

 

Module 4: Frequency Response Analysis                          5L 

Bode plot ‐ Polar plot ‐ Correlation between frequency domain and time domain specifications.  

 

Module 5: Stability in Frequency Domain              5L 

Relative stability, Gain margin, Phase margin, stability analysis using frequency response methods, 

Nyquist stability criterion.  

 

Module 6: Control Systems Design               8L 

Introduction to design problem and philosophy. Introduction to time domain and frequency domain 

design specification and its physical relevance. Effect of gain on transient and steady state response. 

Effect of addition of pole on system performance. Effect of addition of zero on system response. 



Introduction to compensator. Design of Lag, lead lag-lead compensator in time domain & frequency 

domain using Bode plot. Design of P, PI, PD and PID controllers in time domain and frequency domain 

for first, second order systems.  

 

 

Text Books:  

1. Modern Control Engineering, K. Ogata, 4th Edition, Pearson Education.  

2. Norman S. Nise, “Control System Engineering”, John Wiley & Sons, 6th Edition, 2011. 

3. Benjamin C Kuo “Automatic Control System” John Wiley & Sons, 8th Edition, 2007.  
 

Reference Books:  

1. M. Gopal, “Control Systems‐Principles And Design”, Tata McGraw Hill –4th Edition, 

2012. 

2. R.C. Dorf & R.H. Bishop, “Modern Control Systems”, Pearson Education, 11th Edition, 

2008.  

3. I. J. Nagrath and M.Gopal,” Control System Engineering”, New Age International 

Publishers, 4th Edition, 2006.  

4. Graham C. Goodwin, Stefan F. Graebe, Mario E. Sagado, “Control System Design”, 

Prentice Hall, 2003. 
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by observation. By contrast a car's cruise control uses closed loop fe 

servomechanism. 

Uses 
Position control 

A common type of servo provides position control. Servos are conmmonly electrical or partially 

electronic in nature, using an electric motor as the primary means of creating mechanical force. Other 

types of servos use hydraulics, pneumatics, or magnetic principles. Servos operate on the principle of 

negative feedback, where the control input is compared to the actual position of the mechanical 

system as measured by some sort of transducer at the output. Any difference between the actual and 

wanted values (an "error signal") is amplified (and converted) and used to drive the system in the 

direction necessary to reduce or eliminate the error. This procedure is one widely used application 

of control theory. 
Speed control 
Speed control via a governor is another type of servomechanism. The steam engine uses mechanical 

governors; another early application was to govern the speed of water wheels. Prior to World War II 

the constant speed propeller was developed to control engine speed for maneuvering aircraft. Fuel 

controls for gas turbine engines employ either hydromechanical or electronic governing. 

Other 
were first used in military fire-control and marine 

servomechanisms Positioning 
navigation equipnent. Today servonechanisms are used in automatic machine tools, satellite-tracking 

on boats and planes, 
antennas., remote control airplanes, automatic navigation systems 

and antiaircraft-gun control systems. Other examples are fly-by-wire systems in aircraft which use 

servos to actuate the aircraft's control surfaces, and radio-controlled models which use RC servos for 

the same purpose. Many autofocus cameras also use a servomechanism to accurately move the lens, 

and thus adjust the focus. A modern hard disk drive has a magnetic servo system with sub-micrometre 

positioning accuracy. In industrial machines, servos are used to perform complex motion, in many 

applications. 



described, and is uscd to add or subtract a mechanical shaft angle into the control chain. 
This is the control synchro cquivalent of the Torquc Differential Transmitter previously 

Before describing how Resolvers differ from Synchros, it is worth mentioning that most 

synchros fall into one of thrce voltage and reference frequency categories, viz. 

() 60 Hz reference frequency with a l15 volt r.m,s. reference and a 90 volt r.m.s. line to 

line signal voltage. 

(2) 400) Hz refercnce frcqucncy with a 115 volt r.m.s. reference and a 90 volt line to line 

signal voltage. 

(3) 400 Hz rcference requency with 26 volts r.m.s. reference and an 11.8 volt r.m.s. line to 

line signal voltage. 

Resolvers 

Ihe Resolver is a form of synchro (Resolvers are very often called Synchro Resolvers) in 

Which the windings on the stator and rotor are displaced mechanically at 90° to each other 

instead of 120° as in the case of synchros, The Resolver therefore exploits the sinusoidal 

relationship betwen the shaft angle and the output voltage. 
In outward appearance, Resolvers are very similar to Synchros and are produced in the 

standard Synchro frame diameters. Internally, Resolvers come in many forms with a wide variety of winding configurations 
and transformation ratios. The simplest Resolver would have a rotor with a single winding 
and a stator with 2 windings at 90 degrees to each other. would be represented as shown in 
Fig. 1-11. 

R2 

RA 

ROTOR 

Chapter I 

0000 

If we assume that the rotor is excited by an AC reference voltage: 

where 0 is the Resolver shaft angle. 

STATOR 

Then the voltages appearing on the stator terminals will be: 

A Sin w l 

SI to S3 

and S4 to S2 = 

Fig, 1-11 Electrical Representation of a simple Resolver 

= 

STATOR 

VSin wt Sin 0 

VSin wt Cos 0 

S4 

S2 

S1 

S3 

These voltages are known as Resolver format voltages and will be referred to extensively during the rest of this book. 
Such a Resolver could be used simply as an angular transducer in nmuch the same way as a synchro transmitter. 
A more complex Resolver would have two rotor windings at 90° to each other and two stator windings also at 90° to cach other. This would be represented as shown in Fig. 1-12. 

7 



8 

naing CXCited Causing the RcSOlver Format signals to be present 
on the rotor winding terminals RI, R2, R3 and R4, 

Resolvers used for angular measurement as described above are known as Data 
Transmission Resolvers, and a control chain can be set up using: 

a Resolver Transmitter (Symbol TX) 
and a Resolver Control Transformer (Symbol RC) 

These control chains are analogous to the Synchro control chains described earlier, Such a 
control chain is shown in Fig. 1-13. 

eg. 

HESOLVER TAANSMITTEA 

AOTOR 

R2 

UNUSED 

wINDINGG 
SHORT 
CIRCUITEO 

se 

Lo09sIATON 

R4 

S2 

STATOR00 

A2 

Resolvers are not available as Torque components. 

RESOLVER 
cONTROL TRANSFOAMEA 

THE AESoLVEAS ARE SHOWN IEWNED 
FROM SHAFY END AT ZERO POSITION 

CONTROL TAANSFORMEA 
AOTOR OUTPUT 

Fig. 1-13 A Resolver control chain 

UNUSEO 
WINDING 
LEFT OPEN 
GIRÇUIT 

AOTOR 

Another application of Resolvers is in a computing mode, and when used for this purpose, they are known as Computing Resolvers. For example, a Computing Resolver has two stator windings and two rotor windings and can be used to perform a polar to rectangular or Cartesian Coordinate conversion. 

Assume that the polar coordinates of a point are represented by a voltage E Sin wt and an angle 0. If 0 is the angle applied to thc Resolver shaft and E Sin awt is applied to one of the stator windings as the reference voltage Vsi-sl» (the other stator winding being short circuited), then the Resolver Format voltages appearing on the rotor will be: 

VAL-K) = E Sin wt Sin 9 
and VmAt R) = E Sin wt Cos 9 R2 0 

These voltages will represent the Cartesian or Rectangular coordinates of the point. 

Chapter Il 
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lead conpenanlo 

A 

g AooS a Bingle lag- leal Compenóalon, cobiet conbines ke 

charae terislae s ohthe Rag anl ead Conpensatons, This is 

Calle a Lead netwonk becavse the phas ob the 

CompeR to E vanies om a las to a Read angle 

E; (5) = 

vdltage. Fon fregueney asove we the output 
The Inpul vltage. 

Eo (3): 

Eo($) 
E;(S) 

yes 

R9 

1 + Rfet S 

+ 

to 

+ Rg, + 

I(S). ..) 

1+ Rg Cas 

-]i6) 

as the 

. Fon 

leads 

= (B-1)T2 

(I1 pa5) + s(1+PT, 5) =(1 Ata 3) (1T: s) 

PeGne fhequeney is inexeased from Ziro to inbiniy 



Fo (S) 4+ T,s) (1 + T S) 

(1+ s) (1t pTg S) 

E, (3)(s+t,)(s+ ) 
E; (5) 
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6.22 

Sine most control systems in pracice are of orders higher than two, they can be 
approvinated by second-order systems maintaining the same transient response If the 
system dynamics of a higher order system can be accurately represented by a pair of 
complex conjugate dominant poles, then the damping ratio G is called the relative 
damping ratio of the system. 
If the insignificant poles are neglected, the transient response is not changed, but the 
steady-state response is affected. The proper way of neglecting insignificant poles with the 
consideration of steady-state response is to write the transfer function in time constant 
form and then to neglect the insignificant poles so that the steady-state response is not 
affected. 

METHODS TO IMPROVE TIME RESPONSE 

It is necessary for a control system to meet certain specifications regarding its perfor 
mance. This depends upon job the control system is expected to do. Generally system 
performance can be improved by using any of the following linear control methods : 

1. Proportional control. 
2. Proportional Derivative (PD) control. 

3. Proportional plus Integral (PI) control. 
4. Proportional plus Integral plus Derivative (PID) control. 

A controller is device which when introduced in feedback or forward path of a system, 
controls the steady-state and transient response according to the requirement. 

PROPORT:ONAL CONTROLLER 

The proportional controller is a device that produces a control signal which is proportional 
to the input error signal e(t) The error signal is the difference between the reference input 
signal and the feedback signal obtained fromn the output. 
Figure 6.20 shows the block diagram of a proportional control system. The actuating signal 
is proportional to the error signal, hence the name proportional control. 

Reference 

input 
R(s) 

B(s) 

TIME-RESPONSE ANALYSIS I75 

Error 

signal 

Feedback 
sign 

E(s) Kp 
Actuating 

signal 

E(s) 

H(s) 

G(s) C(s) 
output 
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Or 

quation representing the proportional controller in time domain is 

c, () = K,e(t) 
Iaking Laplace transform of Eq. (6.22.1), we get 

E, (s) = K, E(s) 
The transform function of the proportional controiler is 

K(s) = 

PROPORTIONAL PLUS DERIVATIVE (PD) CONTROL 

R(s) 

Block dia 

E(s) 

The proportional (P) controller amplifies the error signal by an amount K,: Also, the 

E, (s) 

introduction of P controller in the system increase the forward path gan oy mou p' ne frorward path gain is increased the peak overshoot increases while the steady-state Ctor iS reduced. In actual systems both peak overshoot and steady-state erTOrS are desired to be smal. Hence a compromised value of the forward path gain(K,)is selected tor whicn the peak overshoot and the steady-state errors are within specified values. In practice, these selected values, of forward path gain often cannot be used, because for these values the sys tem become, unstable. 

E(S) 

= Ky 

In Proportional plus Derivative (PD) controllers, the actuating signale, (t) is proportional 
to the errOr signal e(t) and also proportional derivative of the error signal. Thus, the actuating signal for proportional plus derivative control is given by 

e, (t) = K,e(t) + Kp 
.s*, the Laplace transform of both the sides of Eq. (6.23.I), wE i 

E, (s) = K, E(s) + KpsE (s) 

K, 

sk 

Fig. 6.21 shows the block diagram of a PD control for a second-order system. 

a PD control system. 

d 

E, (s) = (K, + sKp) E(s) 

dt dt) 

...(6.22 ) 

E,(s) 

...(6.22.2) 

s+ 26w,s 

...(6.22.3) 

C() 

If 

...(6.23.1) 

..(6.23.2) 
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From Fig. 6.21, open-loop transter function is 

and 

G() 

Now, 

Therefore, closed-loop transfer function of the system is given by 

where 

C(s) 
L(s) 

C(s) 
R(s) 

(K, * skp) 

H(s) -1 

2,0, 

or 

G(s) 
1+ G(s) H (s) 

(K, t skp) o, 

The standard equation of a second-order system is 

+(2G0, + Kpo,)s+ o; K, 
The characteristic equation of the system given by the denominator of Eq. (6.23.5) is 

s+(2G9, + Kpo, )s + K,o, =0 

We shall compare (Eq. 6.23.6) with standard Eq. (6.23.7). 
s +20,5 + o =0 

PROPORTIONAL PLUS INTEGRAL (PI) CONTROL 

t 

e, () = Kpet) + K,e(t) dr 

Equation (6.23.8) shows that effective damping has increased using PD control. This 
makes the system response slower with less overshoots increasing delay time. 
Proportional derivative control will not affect the steady-state error of the system. 

0 

..(6.23.3) 

By taking the Laplace transform of both sides of Eq. (6.24.1), we get 

(6.23.4) 

In proportional plus Integral controllers, the actuating signal consists of proportional error signal 

added to the integral of the error signal. The actuating signal in time domain is given by 

.(6.23.5) 

E, (s) = Kp, E(s) + K, 
E(s) 

..(6.23.6) 

..(6.23.7) 

...(6.23.8) 

Here the constants K, and K, are proportional and integral gains known as controller 

parameters. 

...(6.24.1) 

.(6.24.2) 



Fig. 6.22 

igure b. 22 shows the block diagram of a proportional plus integral (or P) control system 
of a seOnd-order system 

Or 

and 

Or 

R(s) 

G(s) = 

From Fig. 6.22, the open-loop transfer function is 

G(s) = 

Block diagram of à PI control system. 

E(s)| 

H(s) = 1 

C(s) 

C(s) 
E(s) 

C(s) 

K 

K 
S 

(Kps+ K,)a, 
s² (s+2,ao,) 

G(s) 

The characteristic equation is 

Therefore, closed-loop transfer function of the system is 

R(s) 1+ G(s) IH(s) 

s +2,S 

K, 
S 

1+ 

(Kpst K,)o 

Equation (6.24.5) is third-order equation. 

E,(s) 

s (s+2Çw,) 

(Kps+ K,)o 

s +250,s' + Kpo,s+ K,o, =0 

R(s) s +2Gw,s + Kpo,s+ K, o 

(Kps+ K) ? 
s (s +25o,) 

s + 250),S 

C(9) 

...(6.24.3) 

...(6.24.4) 

..(6.24.5) 

Thus, a second-order system has been changed to a third-order system by adding an integral control in the system. Therefore, the effect of PI controller on the system performance is that it increases the order of the system by one, which results in the reduction of the steady-state error. The system relatively becomes less stable. Theretore 
K, should be designed properly to maintain stability of the system. 
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Fic 

PROPORTIONAL-INTEGRAL-DERIVATIVE (PID) CONTROL 
A PID ontroller (Proportional plus Integral plus Derivative Controller) produces an output signal consisting of three terms -one proportional to error signal, another One proportional to integral of error signal and third one proportional to derivative ot error signal. 

The combination of proportional control action, integral control action and derivative Control action is called PID control action. The combined action has the advantage of each of the three individual control actions. 

The proportional controller stabilizes the gain but produces a steady-state error. The 
integral controller reduces or eliminates the steady-state error. The derivative controller 

reduces the rate of change of error. The main advantages of PID controllers are higher 
stability, no offset and reduced overshoot. 

PID controllers are commonly used in process control industries. 
The actuating signal or output signal from a PID controller in time domain is given by 

RI 

e, (1) = Kpe(i) + K, e(t) dr + Kp 

R(s) + 

In the sdomain, the output signal from the controller is 

4 

K E, (9=| K,+ S 

C(s) 

+ 

Figure 6.23 shows a PID controller for second-order system. The closed-loop transfer 
function of a PLD controller for a second-order system is giver by 

Ks 

0 

Kp 

o, (Kps + Kps+ K,) 
R(5) |s+ (2Co, + Kpu,)s² + Kpo;s+ K,o,l 

|| K 

de 

Ks|E() 

dt 

E(s) 

+ 2Ew,s 

.(6.25.1) 

C(s) 

...(6.25.2) 

.(6.25.3) 
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Example o.1 

Solution. 

(a) 

Example 6.2 

T0 the syslem with the followmg transfer functton, deternine the type and order of 

the system 

(a) G(s) H(s) 

(c) G(s) H () 

C(s) 

Hence, 

(a) The open-loop transfer furnction has one pole at the origin of the splane. Therefore, 
t 1s a type-1 system. The highest power of s present in the denominator is 3, 
therefore, it is a third-order system. 

0), 

(b) The open-loop transfer function has two poles at the origin of the splane, 
theretore, it is a type-2 system. The highest power of s present in the denominator 
is 4, so it is a fourth-order system. 

(a) 

(c) 

(c) The open-loop transfer function has no pole at the origin of the splane, so it is a 
type-) system. The highest power present in the denominator is 2, so it is a 
second-order system. 

(d) The open-loop transfer function has three poles at the origin of the plane, 
therefore, it is a type-3 system. The highest power of s present in the denominator is 7, so it is a seventh-order system. 

C(s) 

C(s) 

s(s + 1)(s + 4) 

Therefore, o -8 

40(s +2) 

The closed-loop transfer functions of certain second-order unity feedback control systems are given below. Determine the type of damping in the systems : 

R(s) s +3s+8 

(s-4)(s +0.2) 

8 

2 

2,9, =3 
3 

s+3 

2 0),, 

R(s) s +3s +8 s +2l9,s +8 

+2s+1 

C(s) 

(b) G(s) H (s) = 

V8 =2.82 rad/s 

(d) G(s) H(s) = 

R(S) 2 

Solution. The standard form of the transfer .cion of a second-order system is 

R(s) s +2(o,s+0, 

3 

2x 2.82 
-0.53. 

(b) 

We shall compare the given trarsfer functions with this standard form. 

C(s) 

K(s +2) 

s' (s+4)(s +3) 

R(s) 

30 

s(s +8s+16) 

C(s) 
's) 

2 

4 

s+ 45 +2 

s + 16 

Since <1, the given system is undamped. 



1in = pA 

dl 

(1.108) 

tank I. 2. 
Total 

From 

Eq.(1.106), 

we 
have 

rin=pAh) 

Where 

g, 
and 

q0 
are 

volume 

inflow 

rate 

and 

volume 

outflow 

rate 

respectively. 

Fig. 

1.42 

Interacting 

level 

process. 

I.e., 

7n 
= 

pqi-

p0 

(1.107) 

mass outfiow rate. the 

rate 

of 
change 

of 
mass 

1i 
is 

equal 

to 
the 

total 

mass 

inflow 

rate 

minus 

the 
total 

adjusted 

by 
a 

valve 

to 
control 

h, 

R 

where 

p 
is 

the 

fluid 

density. 

Fig. 

1.41 

A 
level 

process. 

m= pAh 

(1.106) 

Develop 

a mathematical 

model 

for 
the 
wo 

coupled 

tank 

system 

shown 

in 
Fig. 

I.42. 

tank 

be 

h. 

Then 

the 

total 

mass 

in 
the 

tank 

of 
the 

tank 

and 

let 
the 

level 

of 
the 

liquid 

in 
the 

in 
Fig.I.41. 

Let 

A 
be 

the 

cross 

sectional 

area 

Let 

us 
consider 

a 
liquid 

level 

system 

as 
shown 

far 
as 

the 

level 

process 

is 
concerned, 

the 
liquid 

is 
assumed 

to 
be 

incompressible. 

the 

fiuid 

is 
compressible. 

Practically 

fluids 

are 
compressible 

to 
some 

extent. 

As 

known as 

incompressible. 

On 
the 

otherhand, 

if 
the 

density 

changes 

with 

pressure, 

Example 1.1: mathematical 

model 

of 
the 

RA 

dt dh 

= Rq, -h 

(111) 

dt 

R 

tem 

Substituting 

Eq. 

(1.110) 

in 
Eq. 

(1.109) 

we 
have 

1.9 

Mathematical 

Model 

of 
a 

Liquid 

Level 

Sys 

outflow valve. where 

h 
is 

the 

height 

of 
the 

liquid 

level 

and 

R 
is 

the 

resistance 

to 
flow 

Dash-pot 

Dash-pot 

Resistance Capacitance 

Resistance Compression 

Resistance 

Outfilow 

rate 

qo 
= 

R 

Mass Spring 
Lincar velocity 

Force (Linear) 

Inertia Spring Torque 

Angular velocity 

(110) 

Capacitance Inductance 

Inertia 

Temperature 
Hcat flow 

Pressure 

Voltage 

Flow 

Let 
us 

assume 

that 

the 
outfiow 

rate 

is 
proportional 

to 
the 

liquid 

level 

(Rotational) Mechanical 
Table 

1.11 

Analogous 

Quantities 

Thermal 

Hydraulic 

Current 

(Force-current) 
Electrical 

Mechanical 

pA 
, 

(1109) 

\arnous physical systems also 

For 

thc 
purpose 

of 
conpason, 

Table 

L.| 

ilustrates 

the 
analogy 

between 

Ine 

concept 

of 
analogv 

can 

be 
extended 

to 
thermal 

and 

hydraulic 

systeims 

dh 

Substituting 

Eq.(1.108) 

in 
Eq.(1.107) 

we 
get 

Mathernatical 

Model1ng 

I 33 

I32 

Control 

S\ 
sicms 

Engineng 

mass 

m1 
in 

the 
tank 

l= 
pAjhË 

and 

q 
is 

the 
mass 

inflow 

flow 

rate 

to 
the 

further 

assume 

that 

hË 
> 

h. 
The 

mass 

flow 

rate 

q1 
is 

flowing 

from 

tank 

l to 
tank 

Let 

hË 
and 

hz 
are 

liquid 

levels 

in 
the 

tank 

I and 

tank 

2 
respectively. 

Let 
us 

liquid 

level 

h. 
In 
a 

tank 

having 

a 
mass 

of 
fluid 

m, 

In 
a 

liguid 

level 

process 

h 
is 

the controlled 

variable. 

The 

inflow 

rate 

q: 
is 

the 

�ensity 

of 
a fluid 

rennains 

constant 

despite 

changes 

in 
pressure, 

then 

the 
fiuid 

is 

Fluds 

can 

be 
divided 

into 

two 

categories. 

1. 
Incompressible 

2. 
Compressible. 

Ir 

liquid level system. 

where 

RA 
is 

the 

hydraulic 

capacitance 

of 
the 

system. 

Equation 

(1.1Il) 

is 
the 

through 

dh d 



s) 

sl, + B 

O(s) 

H, 

(1.291) 

T.(s) o(s) O(s) T.(s) 

s²1, + sB 
sHs 

sl, + B 
H, 

along 

T,. 

Therefore 

we 
can 

neglect 

Ty. 

Considering 

(1.287) 

and 

(1.289) 

we 
have 

placement 

due 

to 
T,. 

6 
is 

the 
angle 

proportional 

to 
¢. 

There 

is 
no 

torque 

applied 

replaced 

by 
a 

single 

axis 

gyros. 

The 

torque 

1, 
is 

input, 

the 
angle 

is 
the 

dis 

aircraft 

acts 

as 
outer 

gimbal. 

Therefore 

the 

two 

axes 

(T, 

and 

T) 

of 
gyros 

are 

In a 

is 
approximately 

linear 

with 

the 
angular 

difference. 

and 

compares 

two 

angular 

displacements 

and 

produces 

an 
output 

voltage 

which 

is 

mostly 

used 

as 
an 

error 

detector 

in 
control 

systens. 

The 

synchro 

pair 

measures 

ment. 

It 
consists 

of 
two 

devices 

called 

synchro 

transmitter 

and 

synchro 

receiver. 

It 

transducer 

that 
produces 

an 
output 

voltage 

depending 

upon 

the 
angular 

displace 

1.18.2 Synchros 

(3) 

and 

considered 

seperately 

Fig. 

1.304 

Block 

diagram 

representation 

of 
Free 

Gyro. 

(b) 

and 

considered 

together 

G, 

(Pitch) components 

of 
the 

angular 

velocity 

along 

X-axis 

(Roll); 

y-axis 

(Yaw) 

and 

z-axis 

the 

system. 

By 

integrating 

T 

so{s) B(s) 

s²I, + sB 

H, 

(1.292) 

G, 

Dividing 

by 

s on 
both 

sides 

of 
Eq. 

(1.280). 

we 
get 

Fig. 

1.305 

Three 

Single 

Gyros 

G, 

Prtcb 

T,(s) 

sl,(**Iy 

+ 
Bs) 

+ 
sH} 

sl 

(1.290) 

Pilch 

Similarly 

when 

T, 

= 0 

Roll 

P(s) 

Siilarly 

elminating 

oqs) 

from 

Eq. 

(1.283) 

and 

Bq. 

(.284), 

we 
have 

when 

Iy 
=0. 

Cs 
F T) 

:(l, 

+ 
Bs) 

+ 
s*H; 

(1.289) 

Yaw 

sI,(s²1, 

+ 
Bs) 

+ 
s>H? 

-sH, 

(1.288) 

or oute gimbal. isplacenents. 

We 
know 

that 

Similarly when , 

when 7)0. Gi 

so(s). 

that 

is 
he 

angular 

velocity 

of 
vchicle 

0. 

Three 

single 

axis 

gyros 

titted 

as 
shown 

in 
Fig 

1305 

will 

7,(s) (s) 

l,(sy 

+ 
Bs) 

+ 
s'H? 

three 

angular 

ncasurennents 

with 

respect 

to 
r aXIs. 

y-axis 

and 

-aus 

(1287) 

of 
outer 

gimbal 

or 
body 

of 
ship 

or 
aircraft) 

onder 

I, 
and 

, separately, 

we 
have 

Iis 

a 
irst 

order 

system 

In this 

di-place 

I|6 

Contl 

SstcmN 

ingmccng 

Mathematical Monteliny 

practical 

situation 

there 

is 
no 

outer 

gimbal. 

The 

body 

of 
a 

ship 

or 
an 

The 

other 

names 

tor 
synchros 

are 
selsyn 

and 

autosyn. 

It 
is 
an 

electromagnetic 

AU 
April 

/ May 

2010 

each 

of 
the 

three 

gyTOS, 

we 

can 

measure 

the 

three 

In 
this 

case 

the 

output 

is 
proportional 

to 
so(s). 

that 

is 
the 

angular 

velocity 

of 

three give 

angular 

output 

is 

s) 

and 

the 

In 
otherwIY 

aircratt 

0(s) 

is 

measure 

of 

(s). 

a 

To 

ncasure 

the 

posiion 

of 
an 

or 

ship. 

case 

thc 

input 

S 
O(a)angular 



Vs3 
= 

KA 

sin 
wt 

cos(240° 

+ 
0) 

(1.295) 

V2= 

KA 
sin 
wt 

cos(120° 

+ 
0) 

(1.294) 

where 

o 
is 

the 

angular 

displacement 

between 

the 

two 

rotors. 

When 

o 

= 90° 

Vs1 
=KA 

sin 
wt 

cos 

(1.293) 

e(t) 

= 
K 
A 

sin 
wt 

cos 

(1299) 

Phase 

voltages 

induced 

in 
the 

stator 

coils 

s1,82and 

s3 
are 

U, 
(t) 

= 
A 

sin 
wt 

transmtter. Fig. 

1.306 

Schematic 

diagram 

of 
synchro 

chro transmitter. Fig. 

1.307 

Assembly 

of 
typical 

syn 

Rotor coil 

Rotor 

1¢ac 

cosine 

of 
the 

angle 

between 

the 
two 

rotors 

the 

construction 

of 
the 

rotor. 

The 

rotor 

of 
control 

transformer 

by 
transformer 

action. 

This 

voltage 

is 
proportional 

to 
the 

flux 

patterns 

are 
identical 

in 
both 

systems. 

A 
voltage 

will 

be 
induced 

in 
the 

rotor 

transmitters 

is 
given 

as 
input 

to 
the 

stator 

of 
the 

control 

transtomer. 

Therefore 

control 

transformer 

and 

synchro 

transmitter 

are 
identical 

and 
the 

output 

signal 

of 

drical 

in 
shape 

so 
that 

the 
airgap 

is 
practically 

unifom. 

Stators 

of 
both 

synchro 

The 

control 

transformer 

is 
simila 

in 
construction 

to 
a 

syncho 

transmitter 

except 

between 

the 

two 

rotors 

of 
synchro 

con°ol 

transformer 

and 

synchro 

ransmitter. 

240 -6 

given 

by 
the 
Eq. 

(1.296), 

Eq. 
(1.297) 

and 
Eq. 

(1.298) 

respectively. 

position 

of 
the 

rotor 

shaft, 

the 
synchro 

transmitter 

gives 

a 
set 
of 

three 

line 

voBtages 

"electrical 

zero" 

or 
reference 

position 

of 
the 

transmitter. 

For 

an 
input 

of 
angular 

The 

position 

at 
which 

Vs1 

has 

maximum 

value 

and 

VL2 

= 
0 

is 
known 

as 

{ 

120°+ 9 

e=0 

the 
line 

voltage 

VL2 

is 
zero. 

When 

8 
=0, 

Vs1has 

the 
maximum 

value 

of 
voltage 

Vs] 

= 
KAsin 

st. 
But 

when 

Slip rings 

Stator 

V3KAsin 

wt 
sin(300° 

+ 
6) 

=-2KA 

sin 
wt[sin(120° 

+ 
e) 

sin(120) 

= 
KAsin 

wt[cos 

8 
-

cos(240 

+ 
6)| 

(1.298) 

applied 

across 

the 

rotor 

is 

angle 

between 

the 

rotor 

and 

stator 

windings. 

Let 

us 
assume 

that 

the 

ac 
voltage 

lhnked 

with 

the 
stator 

winding 

will 
induce 

an 
emf 

proportional 

to 
the 

cosine 

of 
the 

the 
airgaps 

depend1ng 

upon 

its 
angular 

position 

with 

the 

rotor. 

Therefore 

the 

fiux 

Aus 

produced 

by 
he 

rotor 

is 
directed 

along 

its 
axis 

and 

distributed 

sinusoidally 

in 

(rotor) 

and 
three 

secondary 

windings 

displaced 

120° 

apart 

from 

VL3 
= 

Vs3,s1 

= 
Vsi 

-
Vs3 

= 
V3KA 

sin 
wt 

sin(180° 

+ 
) 

KA 

sin 
wtcos(240° 

+ 
0) 

= 2KA 

sin 
wt(sin(180° 

+ 
0) 

sin 
60°| 

(1.297) 

cos(120* + )) 

VL2 
= 

Vs2,63 

= 
Vs3 

-
Vs2 

transutter 

are 
shon 

Fig. 

1.306 

and 

Fig. 

1.307 

respectively. 

ac 
througth 

sliprings. 

A 
schematic 

diagram 

and 

assembly 

of 
a 

typical 

synchro 

Is 
a 

salient 

pole 

tvpe 

= 
KA 
sin 

wt[v3 

sin(60° 

+ 
) 

= 
KA 

sin 
wt(2 

sin(60*+ 

0) 
sin 

60| 

= 
KA 
sin 

wtlcos{120 

+ 
) 
-

cos 
) 

(1.296) 

VLI 

= Vs,s2 

= Vs2 

-

The 

corresponding 

line 

voltages 

arc 

= 2sin 

2 A+B 

2 A-B 

1L38 
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transformer 

is 
the 

error 

signal 

which 

is 
proportional 

to 
the 

angular 

displacement 

connected 

to 
the 

output 

of 
a synchro 

transmitter. 

The 

outpui 

of 
the 

synchro 

conrol 

Two 

angular 

positions 

can 

be 
compared 

if 
a 

synchro 

control 

ransformer 

is 

synchro 

control 

transformer 

is 
cylin 

120- e) 

each other. The 

The 

svnchro 

transitter 

acts 

as 
a transtormer 

with 

single 

primary 

windings 

wound with 

concentric 

coils 

but 
cxcited 

with 

single 

phase 

nator 

The 

stator 

ind1ngs 

are 
concentric 

coils 

displaced 

120°apart. 

The 

rotor 

Svncro 

transmitier 

is 
a 

basic 

system 

similar 

to 
a 
Y 

connected 

3 
phase 

alter 

Note 

: 
cOs 

A 
-

cOs 

B 

cos 



signals nal. 

This 

type 

of 
nodulated 

error 

signals 

are 
called 

suppressed 

caner 

modulated 

error 

(-a) 

acts 
as 
a modulating 

signal. 

The 

error 

signal 

e(t) 

is 
a 

moduiated 

sig 

It 
is 

evident 

from 

the 

plots 

that 

input 

to 
the 

transmitter 

is 
a 

carrier 

ter into 

output 

voltage. 

Tachometers 

are 
of 

two 

types: 

ac 
tachometer 

and 

de 
tachome 

A 
tachometer 

is 
an 

electroinechanical 

device 

that 

converts 

angular 

velocity 

Fig 1.309. 

Thc 
plus 

of 
AC 

input 

to 
the 

ransmitter. 

error 

and 

error 

signals 

are 

shown 

in 

Fig. 

1.310 

Schematic 

diagram 

of 
AC 

Tachometer. 

between 

the 

ransmiter 

and 

control 

transformer 

shaft 

positions. 

an 
error 

detecior 

by 
giving 

an 
error 

signal 

proportional 

to 
the 

angular 

difference 

This 

shows 

thal 

he 

synchro 

transnutter 

-
conrol 

ranstorner 

pair 

thus 

acts 

as 

V, cos 0t ac supply 

winding Reference 

e(t) 

= 
K 

A(Ø-

a) 
sin 
wt 

For 
a 

small 

angular 

displacement 

(1.301) 

Demodulator 

{) 

The 

error 

signal 

is 
e(t) 

= 
K 

A sin 
uwt 

cos(90° 

+ 
8-

c) 

=K 

A 
sin 
wt 

sin(-

a) 

Rotor 

(1.300) 

winding Output 

1.18.3 Tachometer 

(90° 

+ 
8-

a) 

placed 

by 
an 

angle 

a. 
Therefore 

the 

net 

angle 

displacement 

between 

the 
rotor 

is 

transmitter 

rotor 

is 
displaced 

by 
an 

angle 

B 
and 

control 

ransformer 

rotor 

Now, 

the 
error 

signal 

is 
e(t) 

= 

K 
A sin 

wt 
cos 
90 
= 

0. 
Let 

us 
assume 

that 

the 

Let 

the 

initial 

position 

of 

Fig. 

1.309 

Signals 

of 
Synchros 

(c) Modulated signal 

envelope 

Fig. 

1.308 

Synchro 

Error 

Detector. 

signal 
Modulated 

e(1) 

k'(0- a) 

AC supply 

(b) Modulating Signal 

c() 

AAAAAAAA 
A 

(a) Error signal 

An 

asscmbly 

of 
a 

synchro 

error 

detector 

is 
showIn 

in 
Fig 

I.308. 

reference he 

eror 

voltage 

Is 
cqual 

lo 

zero. 

This 

position 

is 
known 

as 
clectrical 

zerO 

or 

L140 

Control 

S 
stcms 

Engineenng 

Mathenaical Model1ny 

signal, the 

rotors 

is 
90° 

out 
of 

phase 

as 
shown 

in 
Fig. 

I.308. dis 

sin wt 
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Fig. 

1.311 

Schematic 

diagram 

of 
DC 

Tachometsi. v(.) 

servomotors. 

This 

p, 
Jperty 

gives 

a 
higher 

torque-inertia 

ratio 

ani 

high 

efhciency. 

density and 

coercivity, 

peranent 

nagnets 

(PM) 

are 
used 

in 
the 

construction 

of 
dc 

Fig. 1.312 

(a) 

Slotted 

armature 

lype 

(b) 
Surface 

wound 

uon 

core 

(c) 

Sutace 

x 

N 

agneic 

Dre 

A 
schematic 

diagram 

of 
a dc 

tachometer 

is 
shown 

in 
Fig. 

1.311. 

DC tachometer 

so(s) V(s) 

= 

(1.303) 

Rotor 

Rotor wrg 

PM 

PM 

The 

transfer 

function 

of 
an 
ac 

tachometer 

is 
of 

the 

form 

where 

K, 
is 

the 

1.18.4 DC Servomotors 

v(t) = K 

do(1) dt 

(1.302) 

2. 
It 

carn 
be 

used 

to 
provide 

velocity 

feedback. 

1. 
It can 
be 

used 

as 
angular 

velocity 

indicators. 

velocity. 

we 
can 

write 

lo a 

demodulator. 

Since 

the 
output 

of 
the 

tachometer 

is 
proportional 

to 
angular 

DC 
tachometers 

have 

many 

applications 

in 
control 

systems 

s(s) V(s) 

= 

(1305) 

where 

rt) 

is 
the 

varying 

magnitude 

of 
the 

modulated 

signal. 

The 

transfer 

function 

of 
a 

dc 
tachometer 

is 

Um 
(t) 

= 
r(t) 

sin 
w(t) 

K, 
= 

Tachometer 

constant 

(rolts/rad/ 

se) 

be represented as rotates 

at 

radians 

/ sec, 

the 
output 

voltage 

is 
proportional 

be 

neeative. 

Thus 

the 
output 

of 
the 

ac 
tachometer 

is 
in 
a 

modulated 

form 

and 

can 

positive 

and 

when 

the 
output 

voltage 

Is 
180° 

out 
of 

phase 

the 
direction 

is 
said 

to 

the 
output 

voltage 

is 
in 

phase 

with 

reterence, 

the 
direction 

of 
rotation 

is 
said 

to 
be 

stationary 

the 

voltage 

on 
he 

secondary 

windings 

is 
zero. 

When 

the 
rotor 

shaft 

yoltage 

I,cos 

wet 
is 

appl1ed 

to 
the 

reference 

winding. 

When 

the 

rotor 

shaft 

is 

It 
consists 

of 
two 

stator 

wind1ings 

at 
right 

angles 

to 
each 

other. 

A 
sinusoidal 

the speed. When 

9= Angular displacement 

where 

v(t) 

= 
Output 

voltage 

of 
the 

tachorneter 

ult) = K 

d 

(304) 

The 
schematic 

diagram 

of 
an 
ac 

tachometer 

is 
shown 

in 
Fig. 

I310. 

proportional 

to 
the 

angular 

velocity 

of 
the 

shaft. 

Thus 

shaft 

whose 

spced 

is 
to 
be 

Ineasured. The output 

AC tachometer 

Mathematical 

Model1ng 

1. |43 

L142 

Control 

Systems 

Engneering 

let 
us 

see 

the 

constructional 

features 

of 
dc 

servomotors. 

Due 

to 
high 

residual 

thux 

ematical 

model 

of 
an 

armnature 

control 

de 
motor 

in 
section 

l.I3. 

ln 
this 

sectio0 

is 
similar 

to 
a 

conventional 

de 
notor 

with 

tixed 

excitation. 

We 

obtained 

math 

From 

the 
conrol 

point 

of 
view, 

an 
armature 

voltage con°olled de 

servomotor 

K, 

tachometer 

constant 

in 
v/rad/sec. 

proportional 

to 
speed. 

To 
obtain 

v(t), 

the 
output 

of 
the 
ac 

tachometer 

is 
applied 

The 

envelope 

of 
vm(t) 

has 

information 

about 

the 
speed 

of 
rotor. 

Let 

v(t) 

be 

K; 

voltage 

of 
the 

tachometer 

is 

ture 

cirCuit, 

a commutator 

and 

a brush 

assembly. 

The 

rotor 

Is 
connected 

to 
the 

A 
dc 

tachometer 

compriscs 

a 
fixed 

pernanent 

magnet 

field. 

a 
rotating 

arma 



phase 

windings 

are 
producing 

a 
rotating 

magnetic 

field. 

The 

direction 

of 
rotation 

and 

V½ 
are 

cqual 

in 
magnitude 

but 

they 

are 

90° 

out 
of 

phase. 

Therefore 

the 
two 

diagram 

of 

a two 

phase 

induction 

motor 

is 
shown 

in 
Fig. 

1.313. 

In 
this 

case 

V 

It 
is 
a 

two 

phase 

induction 

motor 

with 

little 

modifications. 

The 

schematic 

f= 

-81m 

le(t) =e(0) 

K= 

Fig. 

1.314 

Schematic 

diagram 

of 
an 
AC 

servo 

motor. 

where 

speed Synchrornous 

Rotor speed 

small 

P 

lorque Stall 

0 lô-0(0) 

High 

le=e(0) 
Tin 

= 
K(e(1) 

-
e(0)) 

-
f(0(t) 

-
(0)) 

By 
neglecting 

higher 

order 

o:ims 

and 

considering 

only 

changes, 

we 
have 

(e(t) 

-
e(0)) 

+ 

(Ö(t) 

� 
(0)) 

+... 

Torque 

Tm 

=Tm 

(0) 
+ 

Fig. 

1.313 

Speed 

Torque 

characteristics. 

phase Control 

(t) and error 
and error 

Rotor 

signal 

(control 

phase) 

e(t). 

By 
using 

Taylor's 

series 

we 
have, 

signal 

e. 
That 

is 
Tn 

= f(0, 

e) 
where 

f 
is 
a function 

of 
the 

speed 

The 

torque 

generated 

by 
the 

motor 

is 
a 

function 

of 
both 

the 

speed 

Signal Actuting 

Amplifier 

V, -e() 

(----2) 

Mathematical 

modelling 

of 
AC 

servomotor 

Servo 

phase Reference 

JNTU 

April 

/ May 

2007 

& 
2009 

1.18.5 AC Servomotors annular stationary rotor. nonmagnetic 

core 

as 
shown 

in 
Fig 

I.312 

(c). 

This 

nonmagnetic 

core 

rotates 

on 
an 

for 
its 

construction. 

The 

inertia 

may 

be 
further 

reduced 

by 
having 

surface 

wound 

The 

main 

draw 

back 

in 
the 

surface 

wound 

iron 

core 

is 
that 

it 
requires 

a 
strong 

PM 

inertia. 

To 
reduce 

this, 

surface 

wound 

iron 

core 

is 
used 

as 
shown 

in 
Fig 

1.312 

(b). 

in 
the 

slots 

similar 

to 
a 

conventional 

dc 
motor. 

Slotted 

armature 

type 

has 

large 

Fig 

1.312 

(a) 
shows 

the 
slotted 

armature 

type. 

Armature 

windings 

are 
placed 

sign 

of 
the 

control 

phase 

voltage 

(either 

lead 

or 
lag). 

voltage. 

Similarly, 

the 
direction 

of 
the 

rotation 

can 

be 
changed 

by 
changing 

the 

torque 

of 
the 

motor 

can 

be 
varied 

by 
varying 

the 

magnitude 

of 
the 

control 

phase 

motor 

is 
the 

function 

of 
the 

speed 

and 

error 

signal. 

That 

is 
In 

= 
f(0,e). 

The 

control 

phase 

voltage 

is 
actuated 

by 
the 

actuating 

error 

signal. 

The 

torque 

of 
the 

seen 

in 
the 

induction 

motor. 

The 

reference 

phase 

voltage 

is 
kept 

constant 

and 

the 

as 
shown 

in 
Fig. 

1.313, 

both 

voltages 

are 

not 

equal 

in 
magnitude 

as 
we 

have 

The 

rotor 

construction 

is 
usually 

squirrel 

cage 

or 
drag 

cup 

type. 

In 
a 

servomotor 

To 
obtain 

good 

accelerating 

characteristics, 

size 

of 
the 

rotor 

is 
considered 

small 

The 

size 

of 
the 

rotor 

is 
inversely 

proportional 

to 
the 

acceleration 

of 
the 

motoe 

presented 

in 
Fig. 

1.314. 

X/R torque-speed 

(a). 

(b) 
and 

(c) 
respectively. 

ron 

core 

type 

and 

surtace 

wound 

nonmagnetic 

core 

type 

as 
shown 

in 
Fig 

1.512. 

are 
three 

types 

of 
dc 

servomotors. 

They 

are 

slotted 

armature 

type, 

surtace 

wound 

Istics 

than 

a 
held 

wound 

motor 

which 

has 

severe 

armature 

reaction 

effects. 

There 

given 

load 

torque. 

A 
PM 

dc 
motor 

has 

much 

more 

flatter 

speed 

torque 

character 

The 

speed 

of 
a 

PM 

dc 
motor 

is 
directly 

proportional 

to 
the 

armature 

voltage 

at 
a 

Normally 

the 

For exhibits in 
the 

rotating 

magnetic 

held 

and 

so 
an 

emf 

is 
induced 

Curral 

depends 

upon 

the 
phase 

shift 

(lag 

or 
lead) 

between 

in 
it, 

causing 

a 

V 
and 

V2. 

The 
rotor is place 

Mathematical Modeling 
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Systems 

Engincering 

is 
considered. 

Speed-torque 

characteristics 

(High 

X/R 

and 

low 

X/p 

characteristic is 

required. 

So 
in 

the 

case 

servomotor 

small 

of AC 

X/R ratio 

will be 

high 

in 
the 

case 

of 
an 

induction 

motor. 

Butit 

rotor current 

and produces a 

torque 

in the 

rotor 

in the 

direction 

of 
rota11on 

off 
fheld 

Now, 

the 

rotating 

magnetic 

in 
the 

short fieli 

circuited 

rotor. 

interacS 

with 
the 

highly 

nonlinear 

speed-torque 

characteristics. 

a servomotor, 

linear 



30 will 

roale 

30 
degrees 

c 
c 

wise 

so 
that 

the 

poles 

marked 

y 
line 

up 
with 

he 
poles 

I 
he 

current 

urough 

p 
is 

tuwned 

off 
and 

windings 

g is 
turned 

on 
then 

the 

rolor 

energiscd, 

ht 
rotor 

Lceth 

marked 

r 
are 

attracted 

by 
the 

poles 

(that 

is 
by 

I and 

4). 

thus 

moor 

has 

4 teeth 

made 

up 
of 

ferromagnetic 

material. 

When 

the 

wind1ng 

p 
iS 

ase 
calicd 

p. 
poles 

2 
and 

5 
arc 

called 

a. 
Similarly 

poles 

3 
and 

6 
are 

called 

. 
One 

Cnd 

of 
he 

hree 

Windings 

arc 

connecied 

to 
a 

common 

terminal 

e. 
The 

rotor 

n 

shown 

in 
Fig. 

1.315 

and 

Fig. 

1.315b 

respectively. 

This 

motor 

rotates 

steps 

of 

Ih 
cotsisS 

of 
6 

wound 

Fig. 

1.316 

Unipolar 

Stepper 

Nlotos. 

(a) Wuthus 

D)CoSls 

ariabie 

Reluctance 

Stepper 

Motor 

with 

the 

help 

of 
conrollers. 

k 
is 

also 

possible 

to 
tum 

the 
stepper 

motor 

in 
half-steps 

as 

well 
as 

fractional 

steps 

In 
sleps 

It 
may 

vary 

from 

as 
large 

step 

size 

of 
90° 

to 
as 

the 

smallest 

size 

of 
0.72°. 

Unipolar stepper motors tion 

of 
motors 

with 

smaller 

Step 

angles. 

More 

number 

of 
motor 

poies 

and 

more 

number 

of 
rotor 

teeths 

allow 

consirtc 

Rotation 

of 
stator 

flux 

appears 

anticlock 

wISe 

for 
a 

clockvse 

OahOn 

of 
otor 

1.18.6 Stepper motor 

Coil 

OFF 

OFFON 

OFF 

OFF 

ON 

OFF 

OFF 

Coil 
qOFF 

ON 

OFF 

OFF| 

ON 

OFF 

OFF 

ON 

OFF 

OF 

ON 

DFR 

respectvely where A 

Coil 

p 

ON 

OFF 

OFF 

ON 

OFF 

OFF 

OFF 

OFF 

OFF 

CFE 

ON 

| Step No 

I 

6 

Fig. 

1.315 

Variable 

Retuctarce 

Sleccer 

Mçtor 

J-(B+ )s (J-

Bs)e(s) 

= 
KE(s) 

� fst(s) 

s(Js 

+ 
B+ 

f) 

s(Tmst 

1) 

Km 

(a) Windings 

Tak1ng 

Laplacc 

transfom 

on 
both 

sides 

we 

have 

ro 

hct)-

fe(t) 

= 
Je(t) 

+ 
BO{t) 

po 

From 

Eq 

l.3061 

and 

Eq 

U 307) 

we 
have 

(1.307) 

WekDOow 

that 

the 

mehanical 

relaions 

for 

a 
motor 

IN 

T 
=Je 

+ 
BO 

0 06) 

Imotor continuoyly Sequence 

of 
operat1on 

for 
one 

complte 

rotaton 

is 
s 

follow 

In 
12 

steps 

of 
sequential 

orn1ng 

on 

will 
roate 

the 
rotor 

one 
complete 

revolution. 

we 
have 

to 
apply 

prwer 

ty 
the 

thrre 

wind1ngs 

in 
sequence. 

The 

equation 

tor 
changeoth 

em 

initial 

condtionois 

Marhematical Modeng I.147 

stator 

poles. 

Poles 

are 
grouped 

into 

three. 

1 
and 

4 

A 
typical 

variable 

reluctance 

stepper 

molor 

windings 

and 

its 
construction 

are 

magnet 

molors 

usually 

have 

two 

independent 

windings. 

A 
stepper 

motor 

rotates 

three 

(or 
four) 

windings 

with 

a 
common 

terminal. 

On 
the 

other 

hand, 

permanent 

and 

the 
other 

is 
variabie 

reluctance 

type. 

Variable 

reluctance 

motors 

usually 

have 

Stepper 

motors 

can 

be 
class1tied 

in 
two 

ways. 

One 

is 
permanent 

magnet 

type 

i = 

and 
I 

= 
Bi 

are 
gain 

and 

time 

constant 

of 
the 

servo 

motor 

ON OF CFF OFE 

y 
nearest 

to 
poles 

and 

5 are 

afircted 

than 

the 

far 

aw 

y 
feetn 

(0 

lo 
rotate 

this 

2 and 

Thrs 

R 
hecae 

A3 
non 

as 

1 
turned 

on 

and 

p 
ii 

turne 

ott. 

the 

teethi 



poles 

is 
aiigued 

with 

stator 

pole 

2 
(alternatively 

a 
north 

puole 

may 

be 
locked 

with 

poles 

of 
the 

rotor 

Is 
Jocked 

with 

stator 

poleI. 

A 
point 

mid 

way 

between 

two 

rotor 

stator 

poles 

I and 

2 
are 

norh 

and 

south 

poles 

respectively. 

So, 

one 

of 
the 

south 

In 
the 

above 

sequence 

at 
step 

one, 

ap 
and 

bg' 
are 

energized. 

Let 

us 
assume 

that 

Sicp 

23 

Windiag 

bq| 
ON 

OFF|OFF 

ON 

Winding 

apOFF 

OFF 

ON 

Winding 

bg 

OFF 

ON 

ON 

OFF|OFF| 

ON 

ON 

Winding 

ap 

ON 

ON 

OFF|OFF 

ON 

ONOFF 6 

ON 
OFF 

OFF| 

ON 

ON 

OFF 

OFF 

ON 

ON OFF|OFF| 

ON 

ON 

OFFOFF 

ON 

ON 

OFFOFF 

ON 

ON 

OFF 

OFF| 

ON 

ON 

OFF 

OFF 

of 
30°. The following 

table 

shows 

which 

terninal 

is 
pos1tive 

when 

energised. 

by 
30° 

in 
clockwise 

direction. 

The 

following 

sequence 

wtll 

4 

5 

7 

8 

9 

coil 

at 
a 

time 

as 
mentioned 

below: 

north 

respectively. 

The 

operation 

of 
a 

bipolar 

direction 

is 
g' 
to 
g then 

the 
polarity 

of 
stators 

poles 

2 
and 

4 
becomes 

south 

and 

poles 

2 
and 

4 
becomes 

north 

and 

south 

respectively. 

On 
the 

other 

hand, 

if 
the 

Similarly 

if 
the 

direction 

of 
current 

is 
from 

q 
to 
¢ 

then 

the 

polanity 

of 
stator 

motor 

S 
energisaDoa 

of 

following 

sequence 

gives 

I.4 
times 

higher 

power 

for 
the 

same 

angle 

of 
rotation. 

coils 

will 
be 

energised 

at 
a 

time 

but 
rotate 

at 
the 

same 

angle 

of 
30° 

per 

step. 

The 

time.. 

An 

altermate 

method 

can 

be 
used 

to 
get 

more 

power. 

In 
that 

case 

two 

half 

the 

above 

sequence 

two 

haBves 

of 
each 

windings 

are 
never 

energised 

at 
the 

same 

The 

above 

mentioned 

sequence 

will 

rotate 

the 

rotor 

once 

in 
steps 

of 
30°. 

In 

Step 

23 |4 

Wnding 

b¡ 
OFFOFFOFF| 

ON 
|OFFOFFOFF 

ON 

OFF 

OFFOFF 

ON 

Winding 

ap 

OFF|OFF 

ON 

OFF\OFF|OFF| 

ONOFFOFFOFF| 

ON 
OFF 

Wind1ng 

bq 
|OFF 

ON 
OFF|OFF 

OFF 

ON 

OFFOFF 

OFF 

ON 

|OFF|OFF 

Winding 

ap 

ONOFF 

OFF|OFF| 

ON 

OFF|OFF|OFF 

ON 

|OFF|OFF|OFF| 

north respectively. are 
reversed 

as 
p'p, 

then 

the 
polarity 

of 
the 

stator 

poles 

l and 
3 

becomes 

south 

and 

stator 

poles 

1 
and 

3 
are 

north 

and 

south 

respectively. 

If 
the 

direction 

of 
the 

cods 

Suppose 

the 
direction 

of 
current 

is 
from 

pp 
; then 

let 
us 

assume 

that 
the 

polanity 

oe 

have 

any 

center 

taps. 

So 
it 

requires 

a 
circuit 

to 
reverse 

the 
polarity 

of 
the 

coils. 

same 

mechanism 

we 

saw 

in 
the 

unipolar 

motors; 

but 

the 
two 

windings 

do 
not 

Bipolar 

permanent 

magnet 

stepper 

motors 

are 

consucted 

with 

exactly 

the 

5 

6 

7 

8 

Fig. 

1.317 

Bipolar 

Stepper 

Motor. 

(a) Windings 

b) Constructon 

continuously 

to 
rotate 

the 
rotor. 

by 
30° 

clockwise. 

Similarly 

the 
following 

sequence 

of 
energisation 

is 
followed 

hand 

nearest 

north 

pole 

is 
attracted 

by 
the 

stator 

pole 

4). 

So, 

the 

rotor 

is 
turned 

demagnetised. 

The 

nearest 

south 

pole 

is 
attracted 

by 
stator 

pole 

2 
(on 

the 

other 

stator 

pole 

2 
becomes 

north 

and 

4 
becomes 

south 

pole. 

Stator 

pole 

I and 

3 
are 

terminal 

and 

q 
is 

connected 

to 
the 

negative 

terminal) 

and 

ap 
is 

decnergised. Then 

by 
stator 

pole 

3. 
As 
a 

next 

step, 

bg 
is 

energised 

(b 
is 

connected 

to 
the 

positive 

stator 

pole 

I. 
Similarly, 

the 

opposite 

side 

of 
this 

rotor 

(north 

pole) 

is 
attracted 

and 

pole 

3 
becomes 

south. 

One 

of 
the 

south 

poles 

of 
the 

rotor 

is 
attracted 

by 

the 

curTent 

Is 
flowing 

from 

a 
to 
p 

(p 
is 

grounded). 

Then 

pole 

I becomes 

norh 

pole 

T becomes 

south 

pole 

and 

pole 

3 
becomes 

north 

pole. 

Let 

us 
assume 

that 

Altermativel 

ifp 

is 
connected 

to 
the 

negative 

terminal 

of 
the 

dc 
source, 

then 

4 

244 

PO 

Bipolar Stepper Motors energised 

at 
a 

time 

gives 

1.4 

times 

more 

power 

than 

previous 

one 

ap 
energised 

turn 

the 

rotor 

in 
the 

ant1clockwise 

direction 

by 

30. 

The 

two 

coils 

also 

possible). 

Then 

as 
step 

two, 

bf 
is 

deenergised 

and 

br 
is 

energised 

by 
keeping 

stator 

pole 

2 
and 

a 
midway 

between 

two 

rotor 

poles 

al1gned 

with 

stator 

pole 

I 
is 

Mathematical Model1ng I.149 

I|48 

Conttol 

SI 
stems 

Fngnccrng 

10 11 12 

rotate 

the 
rotor 

in 
steps 

north 

and 

in 
turnit 

will 
attract 

the 

nearest 

south 

pole. 

Therefore 

he 
rotor 

will 

turn 

energise 

the 
coil 

qg' 
by 

making 

q 
as 

positive, 

then 

the 
stutor 

pole 

2 
will 

become 

attract 

south 

pole 

of 
the 

permanent 

magnet 

(6 
poles) 

rotor. 

As 
a 

next 

step, 

if 
we 

If 
the 

coil 

pp' 

is 
energised 

by 
making 

p 
as 

positive, 

then 

stator 

pole 

l 
will 

oaly one 

9 

10 

I|| 

12 

the 
de 

source, 

then 

pole 

I bccomes 

nonth 

pole 

and 

pole 

3 
becomes 

south 

pole. 

Positi\ 

terminal 

of 
the 

dc 
source. 

lf 
p 

is 
connected 

to 
the 

negativc 

terminal 

or 

nas 

a 

nter 

tap 

b 
The 

center 

taps 

a 
and 

b 
are 

permanently 

connected to hc 

has 

h 
tcnninal 

The 

wind1ng 

pp' 
has 

a 
center 

tap 
a 

and 

the 
other 

wind1ng 

q9 

In atpal 

unipolar 

stcpping 

motor as 

shown 

in 
Fig. 

1316. 

the 

stator 

windng 

4 



Peg 
= 

RM||RL 

= 
RM + RL RM RL 

Fig. 

1.321 

Output 

of 
encoder 

OV 

RM = RAB 

5V 

We have be the and 

B 
and 

Xx 

be 
the 

distance 

between 

B 
and 

M. 

Let 
RAB 

be 
the 

total 

potentiometer 

resistance, 

Xr 

be 
the 

distance 

between 

A 

360° 
N 

in Fig 1.318. the 
points 

A 
and 

B. 
1f 
a 

fixed 

volt 

out 

uniformly 

and 

linearly 

between 

RAB 

of 
the 

potentiometer 

is 
spread 

The 

total 

resistance 

attached 

to 
a 

movable 

arm 

as 
shown 

A 
&Band 

one 

movable 

terminal 

M 

ing 

resistor 

with 

(wo 

fixed 

terminals 

displacement. 

It 
is 
a 

voltage 

divid 

Ihable 

device 

lo 

measure 

mechanical 

rotating 

and 

reference 

disk 

Whenever 

the 

holes 

in 
both 

Basic 

resolution 

of 
the 

encoder 

= 

have 

holes 

and 

opaques. 

Fig 

1.320. 

Let 

the 

disk 

sor 

(LDR) 

as 

shown 

in 

(LED), 

a 
rotating 

disk, 

a 

reference 

disk 

and 

a 
sen 

It 
consists 

of 
a 

light 

source 

disk 

of 
the 

encoder 

depends 

upon 

the 
number 

of 
holes 

in 
the 

hsk. 

coincide, 

then 

the 
sensor 

receives 

the 
light 

from 

the 
source. 

The 

resouton 

of 
the 

Fig. 

1.320 

Incremental 

ercoder 

Rotating 
disk 

Reference 

Hcit 

source Light 

Fig. 

1.318 

Linear 

Potentiometer 

Serscr 

1.20.1 

Incremental encoders 

OIP RL Vo 

(i) 
Incremental 

encoders, 

and 

(iü) 

Absolute 

encoders. 

into 

digital 

code 

or 
pulse 

signals. 

Encoders 

are 
classified 

into 

two 

types 

Tbey 

re 

Encoders 

are 

used 

in 
control 

systems 

to 
convert 

linear 

or 
rotational 

dspiacemTent 

Movable arm 

1.20 Encoders 

tiometer Fig. 

1.319 

Angular 

Poten 

AU 

Nov 

/ 
Dec 

2009 

1.19 

Potentiometers 

Its 

polanty 

in 
oe 

step. 

This 

rnetlhod 

is 
leSs 

comnon 

in 
practice 

tor. 

all 
the 

windings 

of 
the 

motor 

are 
in 
a 

cyclic 

series. 

Only 

one 

terminal 

chanons 

IL can 
be 

operated 

ciher 

as 
unipolar 

mnode 

or 
bipolar 

mode. 

In 
the 

multiphase 

nhase 

motors 

B1filar 

motors 

are 

a 
combinationol 

unipolar 

and 

bipolar 

windines 

her 

vanauons 

in 
permanent 

magnet 

stepper 

motoS 

are 

bifilar 

motors 

and 

nssnle: 

The above 12 

the angle . lar 
displacement 

the 
output 

Vo 
is 

proportional 

to 

Reg t (R B 

construction 

as 
shown 

in 
the 

Fig 

1.319. 

For 

circu 

measure 

angular 

measurements 

by 
modifying 

the 

Note 

that 

the 
potentiometer 

can 

also 

be 
used 

to 

Ru) 

Vo = V 

Req 

where Rer = 

Coil q Coil p 

4 

Col q 

XyfasRL 

-

( 

Col p 

-

Step No 3|4 

7 

9 

II50 

Control 

SIsCm 

Enginccnng 

Mathematical Modeling I.151 

output voltage, 

and Ry be 

the resistance 

between 

B 
and 

M. 

Let 
he 

load 

resistance 

be 
RL, 

V 
be 

the 
constant 

voltage 

across 

A 
and 

B, 
Vo 

Potentiometer 

is 
a 

simple 

and 
re 

For 

better 

results, the 

load 

resistance 

across 

BAM 

should 

be 
very 

high. 

is 
that 

the 
output 

will 
be 

affected 

by 
the 

load 

resistance 

connected 

across 

BM. 

the 
displacement 

of 
movable 

arm 

M. 

The 

main 

disadvantage 

in 
this 

arrangement 

age is 

applied between AB, 

then the 

output voltage 

across 

BM is 

proportional 

to 

steps of 

energisaiOn 

win um 

ne rotor 

one complcte 

rotaion 



Fig. 1.324 

R() 

ky 

C(s) 

L+ 

G? 
t 
G 
t 

HGiG 

Gi(G + G) 

M, 

) 

M, 

dt 

B, Iy x) 

R(s) C(s) 

1+C CiCtG) 

1+G:+G 
Gi(G tG) 

M, 
are 

as 
1ollows: 

spectively. 
Le 

M, 

and 

M2 

are 
two 

negligible 

masses 

having 

displacement 

c 
and 

y 
re 

M 

Solution 

Fig. 1.325 

Solution 

H, 

Fig. 1.323 

B, 

R 

JNTU 

April 

/ May 

2007 

tem 

shown 

in 
Fig. 

1.323. 

Find 

the 
transfer 

function 

relating 

displacement 

'y' 
and 

'z' 
for 
the 

following 

sys 

JNTU 

April 

/ May 

2007 

Determine 

the 

transfer 

function 

or 
the 

following 

block 

diagram. 

Example 1.38: 

Example 1.37: lution nay be 

improved. 

4 
bit 

number. 

To 
set 

a 4 
bit 

code,4 

present 

case 

it 
has 

4 
racks, 

and 

16 

code 

as 
shown 

in 
Fig 

I.322. 

In 
the 

tracks 

as 

the 

number 

of 

bits 

in 
the 

For 

this, 

the 

rotating 

disk 

has 

many 

16 
d1stunct 

codes 

for 

cach 

position. 

I6 
posItions, 

then 

il 
can 

generate 

Cxampie.Jet 

the 

rotating 

disk 

have 

encoder Fig. 

1.322 

Hotating 

disk 

in 

absolute 

Similarly 

Substituting 

Eq 

(1.310) in 

Eq 

(1.31 

1) we 

Fs) Y(3) 

1 

" Opaque o 

kY(8) 

+ 
BsY(s) 

+ 
B1s[Y(s) 

-
X(3)] 

-9 

[(BË 

+ 
B2)s 

+ 
k] 

Y(s) 

= 
BsK(s) 

X(s) Y(3) 

BËs(X(s) 

-
Y(s)]= 

F(s) (B, 

B,)s 

+ 
k 

BËs 

(I312) 

tions, we have But 

MË 
= 

M2 

=0 

and 

taking 

Laplace 

transform 

by 
assuming 

zero 

mitial 

condi (3IL) (I310) 

1.20.2 Absolute encoders 

M2 

+ 
ky 
+ 

Bn 
d dy 

+ 

(I 309) 

dist 

is 
onunuous, 

thcn 

we 

will 

get 
a 

continuoUs 

pulse 

as 
shoWn 

in 
Fig 

I.321 

where 

1I 

the 

number 

of 
holes 

in 
the 

disk. 

If 
the 

displacemcnt 

of 
the 

rotating 

M 

-

Thc 

mathematical 

modci 

for 

ths 

mass 

M 
& 

1/, 

are 

I 308) 

I|S2 

Contol 

Sistems 

Engnccng 

Mathernatical Modebng I|53 

= M, 

= 
0. 

Free 

body 

diagram 

of 
negligible 

mass 

M1 

and 

ticular 

code 

for 

each 

position. 

For 

Absolute 

cncoder 

generates 

a 
par 

Iight 

sources 

and 

4 
sensors 

are 

required. 

By 

increasing 

number 

of 
bits, 

the 

reso 

posiorns. 

This 

can be 

achieved 

bv a 

have, 

F(s) X(s) 

kY 
(s) 

+ 
BsY 

(s) 
-

F(S) 

=U 

Bs + k 

(Bys 

+ 
k) 

BËs 

(B, + 

B, 
) 
s + 
k 

Hole 

B 

flt) 


